A language L is called thin if there exists an integer n 0 such that for all n n 0 L contains at most one word of length n. We show that thinness is decidable for exponential D0L languages. We show also that Siegel's result concerning integral points on algebraic curves of positive genus can often be used to prove that a polynomially bounded HD0L language is thin.
Introduction
Let X be a nite alphabet and L X be a language. L is called thin if there exists an integer n 0 such that for all n n 0 , L contains at most one word of length n. If this condition holds with n 0 = 1, L is called properly thin. A closely related notion is slenderness. By de nition, a language L is slender if there exists a positive integer k such that L contains no k words of the equal length. The notions of thinness and slenderness are due to Andra siu, Dassow, P aun and Salomaa 1] .
In 13] P aun and Salomaa study thinness and slenderness of D0L languages. They show that every D0L language is slender and discuss the diculties in deciding proper thinness of D0L languages. In particular, they show that a decision method would also solve Skolem's problem, i.e., give an algorithm to decide whether or not a given Z-rational sequence contains a zero.
Conversely, it is not known whether or not a positive solution of Skolem's problem would solve the proper thinness problem of D0L languages.
In this paper we discuss thinness of D0L languages. It turns out that there is a striking di erence between proper thinness and thinness. In fact, we give an algorithm to decide thinness of exponential D0L languages. For polynomially bounded D0L languages the decidability of thinness remains open; however, by using Siegel's famous result concerning integral points on algebraic curves of positive genus we show that large classes of polynomially bounded HD0L languages are indeed thin.
It is assumed that the reader is familiar with the basics concerninig L systems, see Rozenberg and Salomaa 16, 17] . For the theory of thin and slender languages see P aun and Salomaa 13, 14, 15] The length sequence (a n ) n 0 associated to H is de ned by a n = jfh n (w)j for n 0. (Here juj stands for the length of the word u.) The HD0L system H and the language L(H) are called polynomially bounded if there is a polynomial P(x) 2 Z x] such that a n P(n) for all n 0. Otherwise H and L(H) are called exponential. Length sequences associated to D0L systems, polynomially bounded and exponential D0L languages are de ned analogously. Example 1. Let G be a D0L system such that the associated length sequence (a n ) n 0 is given by a 2n = n 2 + 2; a 2n+1 = 2n 2 + 3 for n 0. Clearly a 2n > a 2m and a 2n+1 > a 2m+1 if n > m 0. Therefore, to decide whether or not L(G) is thin, it su ces to determine the pairs (n; m), n; m 0 such that n 2 + 2 = 2m (2), so is (3x+4y; 2x+3y). Hence there are in nitely many pairs (n; m) with n; m 0 such that (1) holds. Consequently, L(G) is not thin.
Example 2. Let G be a D0L system such that the length sequence (a n ) n 0 of G is given by a 2n = n which, by a result of Thue 20] , has only nitely many solutions in integers. Therefore L(G) is thin.
Next we use results concerning algebraic curves to show that large classes of HD0L languages are thin.
Suppose H is an HD0L system de ning the length sequence (a n ) n 0 . H is said to have positive genus if there exist integers k 1, m 0 and polynomials P 0 (x); : : :; P k?1 (x) 2 Z x] with a nk+m+i = P i (n) for all 0 i < k and n 0 such that the algebraic curve de ned by P i (x) ? P j (y) = 0 has a positive genus for each pair (i; j), 0 i < j k.
Theorem 1 If H is an HD0L system with positive genus, then L(H) is thin. Proof. Let (a n ) n 0 be the length sequence of H and k 1, m 0, P 0 (x); : : :; P k?1 (x) 2 Z x] be as above. Because each P i (x) is strictly increasing for large values of x, to show that L(H) is thin, it is enough to show that there are only nitely many points with integer coordinates on the curves P i (x) ? P j (x) = 0 for 0 i < j k. Because these curves all have a positive genus, this follows by the famous result of Siegel 19] . Note that for curves of genus greater than one this follows also by Faltings's proof of Mordell's conjecture 6]. 2 If the curves P i (x)?P j (x) = 0 associated to an HD0L system H are absolutely irreducible and have genus one, it is possible to determine the integral points on them by the methods developed by Baker 2] . Consequently, for such elliptic HD0L systems also proper thinness is decidable. 
The exponential case
In this section we prove that thinness is decidable for exponential D0L languages. We use ideas from P aun and Salomaa 13] . Theorem 2 It is decidable whether or not the language L(G) is thin if G is a given exponential D0L system. The proof of Theorem 2 has two steps. First we show that the distance between two words of equal length in S(G) can be bounded e ectively. Then we apply the result of Berstel and Mignotte 3] stating that the in nite version of Skolem's problem is decidable.
Lemma 3 Suppose that G = (X; h; w) is an exponential D0L system and denote by (a n ) n 0 the length sequence of G. Then there exist positive integers M and N such that a n+j > a n if n > M and j > N. Furthermore, N can be computed e ectively.
Proof. Denote S(G) = (w n ) n 0 . We can e ectively compute integers p 1 and q 0 with the following properties (see, e.g., Berstel and Nielsen 4]). There exist a real number > 1, real numbers c i > 0, i = 0; 1; : : : ; p?1, and an integer t 0 such that a np+q+i c i n t n as n ?! 1 for i = 0; 1; : : : ; p ? 1. Therefore, for large enough n we have 1 2 c i n t n a np+q+i 3 2 c i n t n (
for i = 0; 1; : : : ; p ? 1. In what follows we need an estimate for . Such an estimate can be obtained in many ways; we prefer the following argument involving only D0L systems.
Because G is exponential there is a letter b deriving in some number of steps a word containing at least two occurrences of b (see Salomaa 18] ). for any n 0, 0 j < s. It follows that a n 2 n?m?s+1=s (4) for all n 0. Now (3) and (4) Proof of Theorem 2. Suppose G is an exponential D0L system. Denote the length sequence of G by (a n ) n 0 and let M and N be as in Lemma 1. Recall that N can be computed e ectively. To decide whether or not L(G) is thin it su ces to decide whether or not there are in nitely many pairs (n; j) where n 0, j 1, such that a n = a n+j :
6 If (7) holds, Lemma 1 implies that j N or n M. Next, for 0 < j N denote by (s j (n)) n 0 the sequence de ned by s j (n) = a n+j ? a n for n 0. Because (s j (n)) is Z-rational we can decide by the method of Berstel and Mignotte 3] whether or not the sequence (s j (n)) contains innitely many zeros. If it does, for some j, 0 < j N, the language L(G) is not thin. Otherwise, there are only nitely many pairs (n; j) such that (7) holds, j > 0 and n > M. This implies that the total number of pairs (n; j), j > 0, such that (7) holds, is nite. Hence L(G) is thin. 2
